The measurement of residual stresses is of great importance in the glass industry. The analysis of residual stresses in the glass is usually carried out by photoelastic methods since the glass is a photoelastic material. This article considers the determination of membrane residual stresses of glass plates by digital photoelasticity. In particular, it presents a critical assessment concerning the automated methods based on gray-field polariscope, spectral content analysis, phase shifting, RGB photoelasticity, ''test fringes'' methods and ''tint plate'' method. These methods can effectively automate manual methods currently specified in some standards.
Introduction
It is well known that photoelasticity is used for the analysis of residual stresses of glass because glass is a photoelastic material. 1, 2 The determination of residual stresses in glass, using classical transmission photoelasticity, has been the subject of several contributions, technical standards and commercial equipment based on the use of the following.
Babinet and Babinet-Soleil compensators [3] [4] [5] [6] Se´narmont compensation [6] [7] [8] [9] [10] White light photoelasticity also using the tint plate 6, 7 and the standard strain discs 1, 2, 8, 9 The residual stresses in glass plates are given by the superposition of stresses that can be variable with depth (thickness stresses) or constant with depth (membrane stresses). This article concerns the determination of membrane residual stresses in glass plates; for techniques concerning the analysis of thickness stresses in glass plates and for axisymmetric or of any shape components, reference can be made to the literature. 1, 11, 12 The development of digital photoelasticity [13] [14] [15] allows the user to automate the analysis of residual stresses in the glass. Specifically, the automatic photoelastic analysis of membrane residual stresses was done using the following:
Gray-field polariscope (GFP) [16] [17] [18] Spectral content analysis (SCA) 4, [19] [20] [21] [22] Phase-shifting photoelasticity [23] [24] [25] RGB photoelasticity 25, 26 Test fringes (TF) method 27, 28 Tint plate method 29, 30 The first two methods require specific equipment, while the remaining methods are based on the use of a classical transmission polariscope interfaced with an image acquisition system. In this article, a critical assessment of the six methods above cited is presented; in particular, for the last four methods, an experimental analysis concerning the determination of the membranal residual stresses in glass plates is also presented.
In this article, the following aspects have been especially considered: availability of commercial systems, restrictions concerning the parameter of the isoclines, acquisition system, additional equipment, system calibration, number of acquisitions and external information needed.
The photoelastic effect
By photoelastic techniques, the relative retardation d can be measured. In two-dimensional cases, the retardation d is related to the principal stresses s 1 and s 2 by the well-known equation of photoelasticity
where D is the absolute retardation, C l and d are the photoelastic constant and the thickness of the photoelastic model (glass), respectively, and l is the wavelength of the monochromatic source. The retardation d depends on the wavelength l and on the dispersion of birefringence according to equation (1) , which provides
where d 0 is the retardation at the reference wavelength l 0 and C l /C 0 is the term that takes into account the birefringence dispersion of the used material. [31] [32] [33] In monochromatic light with l = l 0 , equation (2) is reduced to d = d 0 .
Near the beveled edge of the glass, the retardation is irregular, and thus, the graphs are usually truncated at the beginning of the bevel; in such a case, the retardation must be extrapolated at the boundary according to well-known procedures as in the case of manual methods. 3, 5 Once the retardation d 0 is determined, the difference of the principal stresses is evaluated by equation (1) written for the reference wavelength l 0 , which provides
where the photoelastic constant of glasses C 0 usually ranges between 2.4 and 3.6 Brewster (1 Brewster = 1 TPa
21
). 34 In this article, the average value C 0 = 3 Brewster is assumed.
Especially, the edges of glass sheet are compressed, and due to the boundary conditions, the stress normal to the boundary is s y =s 1 = 0. Thus, the stress s x along the boundary is (from equation (3))
The stress normal to the edge (s y ) is nearly zero even near the boundary, so that equation (4) applies until the zero-order isochromatic fringe, where the inversion of stress from compression to tension happens. Beyond the zero-order fringe, the tensile stress is given again by equation (3)
Equation (3) is always valid, while equations (4) and (5) are valid provided that the stress normal to the edge (s y ) is zero or nearly zero.
GFP
The GFP 16 is shown in Figure 1 : it is a circular polariscope in which the quarter-wave plate of the analyzer is eliminated. In this technique, a circularly polarized monochromatic light is incident on the glass and a large number of images are acquired while the analyzer is made to rotate continuously. By properly elaborating the acquired intensities, both the retardation and the isoclinic parameter can be evaluated.
The rotations imposed on the analyzer are
where v is the angular velocity of the analyzer, t is the time and N is the number of rotations. N is usually equal to 8, but any N . 3 could be used. The equations of the light intensities acquired for the various positions of the analyzer are 
Using the acquired intensities, the following parameters are first evaluated
then, the isoclinic parameter can be easily obtained as
The retardation can be evaluated by means of the following equation
that, for small values of the retardation, leads to
where K is a calibration constant that takes into account the system gain and the intensity I r . The calibration can be performed by means of a calibration plate of known birefringence d 0 to be introduced before the analyzer. In particular, the K value can be determined by evaluating the retardation before and after the introduction of the plate and letting their difference equal to d 0 .
SCA
The SCA is based on a spectrophotometer, which determines the spectral content of the light emerging from a circular polariscope using white light. SCA 21 is a pointby-point method although extension toward a full-field method has been proposed. 35 Figure 2 shows a scheme of a typical experimental setup for SCA.
The light emerging from the analyzed point is picked out and conveyed to a prism causing the light to diffract into a spectral band. A photodiode array is then used to detect the light intensities for different bands of wavelength. The resulting light intensity in a dark-field circular polariscope for the generic photodiode i can be written as
where I fi represents the background intensity relative to the generic photodiode i, l i1 and l i2 are the lower and upper boundaries of the spectrum as acquired by a photodiode i, C l /C 0 is the term which accounts for the dispersion of birefringence, cos 2 2a sin 2 2e is the term accounting for the influence of quarter-wave plates which are matched for the reference wavelength l 0 and e is the error of the quarter-wave plates. Equation (13) allows the user to determine the intensity I i provided that the dispersion of birefringence and the intensities I fi and I 0i are known. The intensities I fi and I 0i are determined by a calibration procedure. After performing the calibration procedure, the measured intensity I m i can be compared to the theoretical intensity I t i calculated over a selected range of retardation D from equation (13) . The unknown retardation corresponds to the value whose theoretical curve best fits the experimental data.
The procedure above mentioned can yield significant errors for low fringe order, in particular lower than 0.5 fringe orders. Methods for enhancing the accuracy of the spectral content method for low levels of retardation were proposed in Ivanova and Nechev 36 and Sanford and McGinnis. 37 These techniques are, in practice, an extension to SCA of the well-known method of the tint plate used for quality control of glasses.
The sources of errors of the SCA are due to quarterwave plates, dispersion of birefringence, bandwidth of the detector and fringe gradient at the point of measurement. The accuracy of the technique was estimated in the order of 60.017 fringe orders. 21 
Methods based on classic polariscopes
The four methods described below are based on the use of a classic polariscope interfaced with an acquisition system. For these methods, this article also presents an experimental analysis concerning the determination of membranal residual stresses in a glass plate.
Layout and materials
The experiments were carried out using a polariscope with quarter-wave plates matched to the reference wavelength l 0 = 589 nm (monochromatic yellow light) using the following. The optical system has been adjusted in order to obtain gradients not higher than 0.1 fringe orders/ pixel. 38 The calibration required for the application of the RGB method [38] [39] [40] in the TF method was performed using the same specimen ( Figure 3 ) used as a carrier, in which a maximum retardation d 0max = 3 fringe orders was produced.
In the application of the standard RGB method, that is without carrier fringes, and of the ATPM, the socalled self-calibration procedure has been used, 26 as described in the following. In any case, the search of the retardation by the RGB method was carried out by the technique based on the use of a subset of the calibration table. 40 All the experimental analyses were carried out on a glass door in a region located near the edge, in particular, in the region of interest (ROI) shown in Figure 4 . In the ROI, the isoclinic parameter remains almost constant at about 0°. In the comparison among the four methods, the same vertical section in the proximity of the center of the ROI was analyzed. This section has been chosen in the application of the TF method and it coincides with one of the isochromatic fringes of the carrier. In the following, it will be indicated as reference section.
Phase-shifting photoelasticity
The phase-shifting method (PSM), introduced in 1986, 41 requires, in the general case, at least four acquisitions. After the pioneering work of Hecker and Morche, based on eight acquisitions, a significant contribution was made by Patterson and Wang, 42 who proposed a method based on the use of circularly polarized light incident on the model and six positions of the analyzer and its quarter-wave plate. The most common general methods are based precisely on six acquisitions. In the application of the PSM, the phase maps of the isoclinic and of the isochromatic fringes are obtained by applying the inverse tangent function to combinations of the light intensities acquired. Due to the periodicity of the tangent function, the phase maps are obtained in wrapped form, so that unwrapping procedures have to be applied in order to evaluate the total retardation.
A method for the unambiguous determination of the retardation and of the isoclinic parameter has been proposed by Aben et al. 24 in the case of retardations of less than half a fringe order. A general review of PSMs is present in Ramesh et al. 15 In this article, which generally considers retardation higher than 1 fringe order, the general PSM proposed by Barone et al. 43 and the simplified methods 23 have been used. In particular, the general PSM 43 is based on four acquisitions carried out by using a plane polariscope and two acquisitions using circularly polarized light incident on the model and has the advantage to reduce the effect of the error of the quarter-wave plates, which, if present, is a major cause of inaccuracy of the phase-shifting techniques. 44 In particular, this effect is zero in the determination of the isoclinic parameter and minimum in the evaluation of the retardation when the method of Barone et al. 43 is used. The simplified methods used in this article are based on the Tardy setup, as initially proposed by Asundi, 45 and on the Se´narmont setup as initially proposed by Ajovalasit et al. 23 In this article, the simplified methods mentioned above, based on the setup of Tardy and Se´narmont, are concisely referred as the Tardy phaseshifting method (TPSM) and the Se´narmont PSM. These simplified PSMs presented in Ajovalasit et al. 23 have the same limitations of the goniometric compensation methods of Tardy and Se´narmont, that is, they need the prior knowledge of the directions of principal stresses. On the other hand, these methods have the advantage that the equation for the evaluation of the retardation does not contain the isoclinic parameter as occurs in the general methods. Due to the fact that at the edges of the glasses the directions of the principal stresses are known (tangent and normal to the boundary), when the residual stress analysis has to be carried out only in their proximity, the simplified methods are preferable.
In Figure 5 , a glass plate in the circular polariscope arranged for the Tardy compensation is shown. In Figure 6 , the same model is shown in the dark-field polariscope initially arranged for the Se´narmont compensation, with the polarizer P oriented at +45°and the analyzer A with the corresponding quarter-wave plate R A oriented at 245°. Now, the points of the glass where the principal stresses are directed along the x-and y-axes (horizontal and vertical) are considered. In particular, assuming that the maximum principal stress s 1 is directed along the vertical y-axis (a = 90°, Figures 5(c) and 6(b)), the light intensity emerging from the analyzer for both Tardy and Se´narmont setup is . Equation (14) shows that there are three unknowns (I f , I 0 and d), although the unknown of interest is just the retardation d. Consequently, at least three images with different values of the b Ai angle have to be acquired by properly rotating the analyzer. All the PSM provide only the fractional retardation d f which is defined in the range 60.5 fringe orders. In order to determine the total retardation d, unwrapping techniques are used; these techniques require the knowledge of the total retardation d at least at one point that has to be measured by an independent method. The effect of the isoclinic error is considered in detail in the literature. 23, 46 The positioning of the edge is not critical, as the maximum error on retardation that is about 0.02 fringe orders for isoclinic errors up to about 10°and 20°for Se´narmont and Tardy methods, respectively. 
RGB photoelasticity
In RGB photoelasticity, the model is placed in a darkfield circular polariscope and the isochromatic fringes are acquired in white light, using a color digital image acquisition system. At each pixel, the three primary colors (red, green and blue) are digitized into three levels of intensity, usually indicated by the symbols R, G and B. Due to the fact that filters of the color cameras are wide-band, the classic equation of the circular polariscope in dark field
cannot be used. Not considering the noise and the error of quarter-wave plates, the light intensities captured by the camera are instead expressed by the equation 38 ,40
where I 0 (l) is the light intensity, T(l) is the transmittance that depends on the spectral response of the glass, F j (l) are the spectral responses of the three camera filters, l j1 and l j2 are the lower and upper limits of the spectral response of the jth filter and the subscript w indicates the use of white light. By means of equation (16), the determination of the retardation d 0 is not easy, so the method is based on two steps: calibration of the system and search of the retardation. A method for the analysis of stresses in glass artwork, based on the analysis of the RGB colors, is described in Coelho et al. Calibration procedure. The usual calibration procedure 38 consists of acquiring the RGB values at each pixel along the transverse symmetry section of a calibration specimen subjected to bending. Each R i , G i and B i triplet is stored in a calibration table or look-up table (LUT) and is associated with a retardation value d 0i . In general, the material of the calibration specimen must match the material used in the test. Otherwise, it is necessary to take into account both the different spectrum of colors and the different dispersion of birefringence.
Since the realization of a glass calibration specimen in bending is not simple in some instances, an alternative self-calibration procedure, defined briefly as SelfCal, has been proposed by Ajovalasit et al. 26 The SelfCal procedure consists in creating the LUT using a glass equal to that to be analyzed, subjected to residual stresses not lower than those to be measured. As an alternative to the Self-Cal, it is possible to use a specimen of different material and to apply a color adaptation technique, 48 as long as the effect of the different dispersion of the birefringence relative to the glass plate and the calibration beam is negligible. 26 Search for retardation. In the search procedure, the R, G and B levels at points, where the retardation is unknown, are acquired. Each R, G and B triplet is then compared with the triplets R i , G i and B i stored in the calibration table by means of an error function defined as
In each pixel, the index i that minimizes the error function (17) is determined and the retardation is calculated by the relationship
where, as previously mentioned, d 0N is the maximum retardation of the calibration table and N is the index of the last element in the calibration table.
The described procedure can be applied by evaluating the error function (17) for all the elements of the LUT (i = 0, 1, ., N), or for a subset of it. 40, 49 A procedure that uses the second option, which implicitly contains the condition of continuity of the retardation, reduces the computational time and the errors. In particular, the reduction in the errors is similar to that of procedures explicitly using the condition of continuity of the retardation.
50,51
Experimental results. Figure 9 shows the isochromatic fringes at the ROI and the reference section chosen for the measurement of the retardation. Figure 10(a) shows the retardation d 0 and the principal stress difference (s 1 2s 2 ) along the measurement section determined by the RGB method and, for comparison, by the TMCM. Figure 10 (b) shows the error with respect to the TMCM. The average error is 20.009 fringe orders with a SD of 0.028 fringe orders. It is possible to see that the highest errors (higher than 20.04 fringe order) occur in the field 0 4 d 4 0.5 fringe orders, in which the colors of isochromatic fringes degenerate into gray tones. In this case, at each pixel, the three R i , G i and B i levels assume similar values, and the RGB method is not able to eliminate the influence of the possible fluctuation of the reference light field and of electronic noise, as also reported in Ajovalasit et al. 38 
TF methods
In the photoelastic analysis of residual stresses in glass, it is common practice to insert (Figure 11 ) behind or ahead the glass a Babinet compensator or even a simple specimen subjected to bending, in order to obtain a system of reference fringes (isochromatics) parallel and having the same pitch p. The carrier is placed with the axis orthogonal to the edge of the glass so as to obtain near the edge itself one of the two conditions a2a c = 0°or a2a c = 690°.
The resulting fringes, which are sometimes called TF, 1 effectively reveal the presence of residual stresses. As an example, Figure 12 shows the isochromatic fringes in the bent specimen alone (below) and into the glass superimposed on the specimen subjected to bending (above).
In general, another effect of the reference fringes is that the retardation into the glass plate is increased. This is a positive effect because it produces an increment in the retardation in areas near the fringe of zero order, where the retardation is too low to be measured accurately using the RGB methods.
Analysis in monochromatic light by the center fringe method. In this case, methods based on the extraction of the center of the fringes, 13 which for brevity are designated as center fringe methods (CFMs), are used. The analysis in monochromatic light by the CFM is applicable near straight edges with isochromatic fringes parallel to the edge and reference fringes orthogonal to the edge. 28 This method has also been recovered in Naveen et al. 52 where the effect of the carrier fringe density is considered.
With reference to Figure 12 , considering the line passing through the center of a carrier fringe of order i (retardation d c i , abscissa x i ), the retardation d at a point of the glass plate along the same line is directly proportional to the distance x2x i between the point itself and the isochromatic fringe of the same order i (retardation
, abscissa x) present in the glass. 27, 28 In this case, in order to obtain the retardation along a vertical section, it suffices to determine the location of the centers of an isochromatic in the glass and the position of the straight isochromatic fringe of the same order in the carrier. The retardation is given by Ajovalasit et al.
Figure 13(a) shows the retardation d CF , given by equation (19), along the measuring section and, for comparison, the results obtained by the TMCM. In the same figure, the principal stress difference (s 1 2s 2 ) is also shown. Figure 13(b) shows the error with respect to the TMCM. The average error is 0.004 fringe orders with a SD of 0.019 fringe orders.
Analysis in white light by RGB photoelasticity. The analysis in white light by RGB photoelasticity (TF-RGB) is applicable near straight edges with reference fringes orthogonal to the edge. As previously mentioned, the use of reference fringes generally produces an increase in the retardation that has a positive effect on the accuracy of the methods in white light, which may be subject to large errors for low levels of retardation, as occurs for the RGB photoelasticity. 38 In the application of the RGB technique, the same polycarbonate specimen shown in Figure 3 was used to perform the calibration and to produce the reference fringes. When the specimen is superimposed on the glass plate, the following retardations are determined. 28 valid (see Figure 11 ) for a2a c = 0°and for a2a c = 690°with
In the application of this method, the reference section of the glass door lied at the abscissa of the secondorder fringe in the tensile side of the carrier. In this section, the conditions of validity of equation (20) 
ATPM
The technique consists in inserting in series with the glass specimen a full-wave plate, usually called tint plate, with the optical axes aligned with the directions of the glass principal stresses so as to introduce a constant retardation which is added algebraically with the retardation in the glass. The polariscope is the same as that shown in Figure 11 where the tint plate is inserted in place of the carrier C. The use of the tint plate is particularly useful near the fringe of 0th order where the retardation is low and significant measurement errors could be committed when RGB photoelasticity is used, as it is well known. 38 The use of RGB photoelasticity, jointly to the tint plate, initially proposed in a qualitative way, 29 has been further developed in Ajovalasit et al. 30 Calibration. As already mentioned, the Self-Cal procedure was used, but in this application, the tint plate has to be placed in series with the glass in both the calibration and search phases. In this case, in the LUT, each set of R i , G i and B i values is associated with the total retardation d
Search for retardation. In the measuring step, the R, G and B levels at the points where the retardation is unknown are acquired, always using the tint plate. Each set of R, G and B levels is then compared with the (17) is determined. The retardation is computed using the relationship Experimental results. Also, in this case, the experimental results refer to the reference section of the ROI (see Figure 9 ). Figure 15(a) shows the retardation and the principal stresses difference (s 1 2s 2 ) determined by the ATPM and, for comparison, by the TMCM. Figure 15 (b) shows the errors compared to the TMCM. In particular, the average error is 0.006 fringe orders with a SD of 0.026 fringe orders.
The effect of the incorrect positioning of the tint plate optical axes with respect to the stress directions is experimentally analyzed by Ajovalasit et al. 30 Such analysis shows that the misalignment is not critical. Figure 16 (a) shows the direct comparison between the ATPM, the RGB method and the TF-RGB method in the zone of the measurement section with retardation not higher than half fringe order. The retardation evaluated by the TMCM and the principal stress difference are also shown. Figure 16(b) shows the errors of the three methods evaluated with respect to the TMCM. Figure 16 clearly shows that the RGB method by itself is affected by not negligible errors in the field d \ 0.5 fringe orders and that such errors can be reduced using the tint plate (TF-RGB) or the reference fringes (TF-RGB).
The average errors are 20.027 fringe orders, 0.006 fringe orders and 20.006 fringe orders for RGB method, TF-RGB method and ATPM, respectively, with a SD of 0.022 fringe orders for RGB method, 0.007 fringe orders for the TF-RGB method and 0.014 fringe orders for the ATPM.
Stresses
The stress s x along the y-direction normal to the edge glass was evaluated using equations (4) and (5). As mentioned above, these equations are valid near the edge where the edge orthogonal stress s y is nearly zero. For the tested glass, the value of the photoelastic constant C 0 = 3 Brewster was used. Figure 17 shows the s x stress in the reference section of the ROI in the glass door, determined by the simplified PSM TPSM (from Figure 8) and, for comparison, by the TMCM, as a function of the distance from the edge. The results obtained using the other methods are practically equivalent.
Discussion and conclusion
This article concerns a critical assessment of the following automated methods of analysis of edge residual stresses in glass: GFP, SCA, general and simplified method of phase shifting, RGB photoelasticity by selfcalibration procedure, TF methods, using the CFM in monochromatic light and RGB photoelasticity in white light, and finally the ATPM. The methods analyzed in the article can effectively automate manual methods, many of which are reported by technical standards. Table 1 shows indicatively the correspondence between the manual and automatic methods indicated above. Table 2 summarizes the characteristics of the methods described above with reference to the following aspects: (1) commercial apparatus, (2) restrictions on the parameter of the isoclines, (3) acquisition system, (4) additional equipment, (5) system calibration, (6) number of acquisitions and (7) external information. These aspects are discussed below.
Commercial apparatus
Commercial devices for the analysis of membranal residual stresses in the glass have been proposed in the market 4, 10, 12, 18 such as the Edge Stress Meter marketed by Sharples 10 based on the compensation of Se´narmont, the GF 1200 polariscope sold by Glass Photonics 18 based on GFP, the automated edge-stress measurement system PES-100 marketed by Strainoptic Technologies 4 based on SCA and the automated polariscope AP-06 proposed by GlasStress 12 based on the general PSM. The other methods, as well as the general PSM, can be easily implemented using components normally found in photoelastic laboratories.
Restrictions on the parameter of the isoclines
The limitation regarding the isoclinic parameter applies to all methods except GFP and SCA methods and the PSM and RGB photoelasticity. The other methods can and the ATPM can noticeably mitigate such disadvantage, as previously mentioned. 3. The TF method (applied by means of the CFM) is easy to be applied since the calibration procedure is not required, although the presence of a carrier is needed; this method, where applicable, proves to be very effective.
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